ABSTRACT. Let p. be a symmetric p-stable measure, 0 < p < 1, on a locally convex separable linear metric space E and let q be a lower semicontinuous seminorm on E. It is known that F(t) = u{x : q(x) < t) is absolutely continuous with respect to the Lebesgue measure. We prove an explicit formula for the density F'(t) and give an asymptotic estimate of it at infinity.
1. Let X be a symmetric Gaussian random element with values in a locally convex metric linear space E with a measurable seminorm q. Then the distribution function F(t) -P{q(X) < t} is absolutely continuous apart from one possible jump [3, 4] . In these papers some properties of the density F'(t) were also investigated.
Recently it has been shown [2, 6] that if X is a symmetric p-stable random element with values in a linear metric separable space E and q is a lower semicontinuous seminorm on E such that P{q(X) < oo} = 1, then the distribution function F(t) = P{q(X) < t} is absolutely continuous (apart from one possible jump for 1 <P<2).
In [5] Ryznar gave an estimate of the density F'(t) for p < 1 (see Lemma 1 below).
The aim of this paper is to prove that if p < 1, then F'(t) exists for all t > 0 and is continuous. The asymptotic behavior of F'(t) is also given.
2. In this paper E will stand for a locally convex separable linear metric space. By q we denote a measurable seminorm on E, i.e. a measurable function q: E -> [0, oo] such that q(x + y) < q(x) + q(y) and q(ax) = \a\q(x) for all x, y G E and a G R. We will always assume in the sequel that q is lower semicontinuous. A probability measure p on E is called strictly p-stable if for every two independent random vectors X and Y with distributions p and for every a,ß > 0, ap + ßp = 1, the distribution aX + ßY is equal to p. We will assume in addition that p is symmetric.
If p is a symmetric p-stable measure on E, then there exists a symmetric <7-finite measure v on E, v(Uc) < oo for every open neighborhood U of the orgin, and such that p -lim exp(i/|<7£) for Un \ {0}. The measure v is called the Levy measure of p and has the following property: v(sA) = s~vu(A) for every Borel set A. If q < oo p-a.s., then there exists a finite symmetric measure o on Si = {x: q(x) = 1} such that if r(x) = q(x) and s(x) = x/q(x) then (1) C C°° fir \{q>e}{x:q(x + y)GA} = J I lA(q(rs + y))^j^a (ds)
for every e > 0 and Borel set A. We call a the spectral measure for p (see [2] for details).
Observe that if pt is a distribution of t^-^X, where X has the distribution p, then (pt)t>o is a continuous convolution semigroup (i.e. pt*ps = Pt+s and pt => ¿o weakly) of p-stable measures and px -p.
It is known (see [2 or 6] ) that if p is a symmetric p-stable measure on E, 0 < p < 2, then F(t) -p{x: q(x) < t} is an absolutely continuous function (apart from one possible jump for 1 < p < 2). When 0 < p < 1 the density F'(t), as we show has additional regularity properties.
The first result about behavior of F'(t) was obtained by Ryznar [5] :
If p is a symmetric p-stable measure, 0 < p < 1, on a locally convex separable metric linear space E and q is a lower semicontinuous seminorm on E, then the density F'(t) (which exists for almost all t > 0) has the following property: Ve > 0 3M£ > 0 F'(t) < M£, for allt> e for which F'(t) exists.
We also need the following fact due to M. Ryznar (unpublished) . Denote by v the Levy measure of a p-stable measure p.
LEMMA 2.
Let p be a symmetric p-stable 0 < p < 1, measure on a separable metric linear space E and let q be a lower semicontinuous seminorm on E. Then Let us denote by (Xj)^x a sequence of independent random elements with the distribution p. We obtain the following inequality:
(4) P{qn(Xx)>t}<p{k-llpYjqn(Xl)>t\. (7) P{q(Xx) >t}< P{6 > t}.
Now, using in turn (7), (6), (5), (2), and (3) we obtain lim suptpP{q(Xx) > et} < lim suptpP{9 > et} < v{x: q(x) > e}, t-»oo t-»oo which completes the proof.
3. In this section we prove our result. To avoid trivial complications we assume throughout the remainder of the paper that the linear span of the set {x : q(x) jí Ojfisupp p is at least two-dimensional. When the above subspace is one-dimensional our theorem obviously remains valid with one exception: at the point 0 there exist only one-sided derivatives of F. Denote Ut = {x: q(x) < t}.
THEOREM.
Let E be a locally convex separable metric linear space and let q be a lower semicontinuous seminorm on E. Let p be a symmetric p-stable, 0 < p < 1, measure on E. Assume that q < oo p-a.s. and that dim lin({<j ^ 0} fl supp/x) > 2.
Denote F(t) = p{x: q(x) < tj. Then for small t > 0, hence F'(0) = 0.
Step 2. In this step we prove two important properties of the function f(x) = p(Ua) -p(Ua + x). Namely, the function f(x) is bounded, continuous v-a.e., and there exists a constant M > 0 such that |/(x)| < M ■ q(x) whenever q(x) < 1. The function / is clearly bounded and |/(x)| < 1. If q(x) < s/2 then
because F'(t) < Ma/2 by virtue of Lemma 1. Now we show that f(x) is f-a.e. continuous. Hence, for ue almost all x G E we have p(Sa + x) = 0. When e -> 0 we get the desired conclusion.
Step 3. In this step we show that for every s > 0
t-»o+ t jE s jE
Recall that we denote f(x) -p(Ua) -p(Ua + x). Let us choose e > 0 and consider the equality
Using the well-known estimate p{x: q(x) > u} < cu~p (see [1] ) and Step 2 we have -/ f(x)dpt(x)<Ma-q(x)dpt(x) This ends the proof of Step 3.
Step 4. In this step we show that, the function s Je
Step 5. In this step we show that there exists a constant C > 0 such that for s>l F'(s)<C-s-1-p.
From
Step 4 we know that F'(s) = -/ HU.) -KU. + i)] du(x). 
rn^ziidr=r/2n^iidr+r nizr)
-M\iiy P ~£l\+^ by Lemma 1.
When £ -> 0 we obtain
The second integral f^°(F(s)/r1+p)dr is less than Ja rl+P psP
Hence there exists a constant Cx > 0 such that for s > 1 'Ms.w-i-Mîr'+s < Cx ■ s~p.
Let us observe that in (8) we used the estimate max3/2<r<s F'(r) < M, obtained from Lemma 1 and Step 4. Now we can use the estimate maxs/2<r<s F'(r) < Cx(s/2)~p; hence we obtain Co Cp (9) F'(a) <~2p-+ -j^ for a large enough.
Iterating this procedure n times, n = [(p+ l)/p] +1, we obtain: There exists C > 0 such that F'(a) < Cs'1^ for all s > 1.
Step 6. In this step we show that lim^oo s1+pF'(a) = cr(Sx). Choose and fix £ > 0. For s large enough we have the inequality Finally, lim sups_0O a1+pF'(s) -cr(Sx), which gives the desired conclusion. This ends the proof of our theorem.
